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bstract

In the present study a macroscopic Stokes number Stks is newly proposed for efficient operation of a micro-separator/classifier. The Stks is a ratio

f particle relaxation time to interval of shear-induced interparticle collisions. The collision interval is estimated based on a representative shear
ate and average particle concentration passing through an outer plane defined at the end of arc microchannel. The device efficiency is evaluated
n terms of reduced particle recovery Rc to the outer plane. It is shown that the Stks would be useful for predicting a maximum feed concentration
o be handled with a highest Rc.
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. Introduction

The micro-separator/classifier under consideration is a novel
icrofluidic device [1], whose functional component is an arc
icrochannel. A series of experimental and numerical stud-

es have confirmed that the principle for particle separation is
ntirely due to both the curvature and size of the channel [2–9].
s the channel size is reduced, but keeping the geometry and
eynolds number constant, then by definition the average veloc-

ty through the channel increases. As a result, both shear rate and
entrifugal acceleration become large as they are both inversely
roportional to the squared and cubed power of the size, respec-
ively. The large shear rate makes the lift-force effect dominant
n the microchannel, whereas it is usually negligible in larger
evices. When the shear rate is large enough compared to the
article size, the velocities are rather different even at both sides
f a microsphere. Such velocity differences around the parti-
le bring about the large lift force so that particles migrate to a
egion of higher velocity. On the other hand, the large centrifu-
al force shifts the higher velocity region towards the outer wall
f the arc microchannel. Consequently, the particles contained

n a slurry are concentrated near the outer wall. A bifurcation
t the end of the arc section is used to separate or classify the
articles in the slurry. It has been confirmed that a device size
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b
t
t
c
c
T
b

385-8947/$ – see front matter © 2007 Elsevier B.V. All rights reserved.
oi:10.1016/j.cej.2007.07.016
er; Lift force

hat could bring about this function has the width, depth and arc
adius of 100–400 �m, 75–200 �m and 10–20 mm, respectively.
he superiority of the micro-separator/classifier has been exper-

mentally proven in terms of separation sharpness and energy
fficiency compared with existing large device, such as a hydro-
yclone [4,7].

Fig. 1 schematically shows how particles are concentrated
ear the outer wall at the downstream of arc microchannel based
n a previous study [6]. The figure also depicts the assumption
hat the flow vertically split at the arc end would develop into
ows passing through inner and outer branches of the actual
evice [5]. In this study, accordingly, the inner and outer planes
re examined at the arc end instead of inner and outer branches
or evaluating particle recovery as a device performance. It can
e readily understood that the particle recovery to the outer
lane much depends on the particle concentration profile and
here to split the arc-end plane. As the flow rate in the outer
ranch is decreased keeping total flow-rate constant in the main
hannel, for instance, the split position shifts outwards and the
uter plane accordingly becomes smaller. Consequently, a cer-
ain amount of particles would undesirably report to the inner
ranch. It is apparent that the outer flow-rate should be controlled
aking into account the concentration profile. On the other hand,
he previous study predicted that the ratio of maximum to feed

oncentrations at the arc end decreased beyond a critical feed
oncentration while it remained constant in the dilute conditions.
he decrease of the ratio implies that the concentration profile
ecomes flat and then the particle recovery to the outer plane

mailto:sokawara@chemeng.titech.ac.jp
dx.doi.org/10.1016/j.cej.2007.07.016
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Nomenclature

Ce C* normalized by C* obtained at the most dilute
condition

C* a ratio of maximum to feed particle concentrations
at the arc-end plane

dp particle diameter (m)
Dh hydraulic diameter of rectangular channel (m)
FLift,f reaction force of FLift,p (N/m3)
FLift,p lift force acting on the particle (N/m3)
g gravity (m/s2)
K exchange coefficient (kg/m3 s)
p, ps pressure and solid pressure (Pa)
R particle recovery to outer plane or branch
Re Reynolds number
Rc reduced particle recovery
Rc,dilute Rc obtained at the most dilute condition
Rf fluid recovery to outer plane
S shear rate (1/s)
Stk Stokes number = ratio of particle relaxation time

to collision interval
Stks Stokes number based on shear-induced collisions

from macroscopic viewpoint
Stks,micro Stokes number based on shear-induced colli-

sions from microscopic viewpoint
u fluid velocity (m/s)
U mean velocity in main channel (m/s)
v particle velocity (m/s)
w mass flow rate (kg/s)

Greek symbols
α volume fraction
μ viscosity (Pa s)
ρ density (kg/m3)
τc collision interval between particles (s)
τp particle relaxation time (s)
τ stress–strain tensor (Pa)

Subscripts
f, p fluid and particle
feed feed
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the collision interval due to the shear rate was locally evaluated
in, out inner and outer planes

ould decline. Further, it was found that the concentrated region
xpanded beyond the limit. The expansion beyond the split posi-
ion also suggests that more particles flow into the inner branch
nadequately. Both the phenomena would interactively decrease
he particle recovery. It is of a practical interest, therefore, to
dentify the critical feed concentration according to the outer
ow-rate for the device operation with a highest efficiency.

In the previous study, it was interpreted that interparticle
ollisions due to the high shear rate brought about those unde-

irable phenomena, viz., flattening and expanding of particle
oncentration profiles. Consequently, a novel Stokes number
as introduced for predicting the onset of the phenomena tak-

a

τ

ig. 1. A schematic diagram of developed particle concentration profile at the
ownstream of arc microchannel and vertical split of the flow at the arc end
eading to particle recovery from the outer branch of the bifurcation.

ng into account the shear-induced collisions. Generally, Stokes
umber Stk is defined as a ratio of particle relaxation time
p = {(ρp + ρf/2)d2

p}/(18μf) to the interval of interparticle col-
isions τc as:

tk = τp

τc
(1)

hen Stk is much smaller than unity, particle motion is governed
y fluid flow by means of drag and lift force acting on the par-
icle, that is, the particle follows the fluid motion with little slip
elocity while the interval of the particle collision is so large that
he collisions do not affect the particle motion. In this case, the
lurry is regarded as dilute. On the other hand, when Stk is much
arger than unity, particle inertia is so large that fluid motion
oes not affect the particle behavior while frequent collisions,
hose intervals are short, do influence the particle motion. In

his case, slurry can be regarded as dense [10,11].
Accordingly, simple concentration definitions such as par-

icle volume or weight fraction cannot alone be used to
haracterize whether a slurry is dilute or dense. In the study
f micro-separator/classifiers, the particle relaxation time is
onsiderably small as tens of microseconds because of the
article size and density. On the other hand, the extremely
igh shear rate, which is indispensable to achieve particle sep-
ration/classification by a curved microchannel, could cause
nterparticle collisions even within such a short relaxation time.
he particles could have enough relative velocity within the scale
f particle diameter due to the high shear rate so that particles
an frequently collide with each other. Since the collisions dis-
erse the particles over the channel, a dense slurry with Stk � 1
annot be separated with a high efficiency. In our previous study,
s

c = π

8αpS
(2)
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here αp and S are the local particle volume fraction and shear
ate in solid phase over the arc-end plane [6]. The microscopic
tokes number Stks,micro based on the shear-induced particle
ollisions was then defined as:

tks,micro = 4αp(ρp + ρf/2)d2
pS

9πμf
(3)

ince this value can be evaluated locally (at a point) anywhere
ver the cross-sectional plane at the arc end, the maximum value
as taken as a representative value for the given conditions. On

he other hand, the concentration effect C* was defined as a
aximum particle concentration at the arc end divided by the

eed concentration. To examine the feed concentration effect on
*, a concentration efficiency Ce was defined as C* obtained at a
iven feed concentration normalized by C* obtained at the most
ilute feed concentration. It is expected that Ce remains at unity
n the dilute range where particle collisions are negligible, viz.,
tks,micro � 1. It was confirmed that the decline of Ce began at
tks,micro of 0.1 and the trend could be correlated with Stks,micro
egardless of the particle size.

Although this finding was really useful for understanding
he characteristics of the micro-separator/classifier, the Stks,micro
annot be utilized directly for practical operation. Those local
ndices were evaluated because of the employed numerical
pproach, viz., Euler-granular model that treats both liquid and
olid as interpenetrating continuous phases. In practical opera-
ion, however, these values cannot be measured by any means.

In order to establish a practical operation, therefore, a macro-
copic Stokes number Stks is newly proposed using the values
xperimentally available. The local shear rate found somewhere
ver the plane will be substituted by a representative shear rate
efined based on mean velocity and hydraulic diameter of the
ain arc channel. Instead of the local particle concentration,

valuated is an average particle concentration of the slurry pass-
ng through the outer plane. The validity of these substitutions
ill be discussed based on the profiles of velocity and particle

oncentration. Instead of the Ce defined at a point over the plane,
urther, a reduced particle recovery Rc to the outer plane is evalu-
ted as a device performance since the reduced particle recovery
o the outer branch is utilized in practical operation. The relation
etween the Stks and Rc is examined at three representative split
ositions in the feed concentration range of 0.0006–0.15 for 10
nd 20 �m particles.

. Numerical methods and macroscopic Stokes number

.1. Numerical methods

In the previous study [6], particle concentration profiles in
he arc microchannel were modeled at Reynolds number of 450
n the feed concentration range of 0.0006–0.15 by means of the
uler-granular model implemented in a commercial CFD code

12]. Based on the results, the relation between microscopic

local) Stokes number Stks,micro and the concentration efficiency
e was discussed. Although the discussion was useful to under-

tand the characteristic of the micro-separator/classifier, those
efined indices were not available experimentally. In the present
Fig. 2. A schematic diagram of the geometry used for simulation.

tudy, therefore, the numerical solutions are re-analyzed from a
acroscopic viewpoint to find a new relation between indices

hat can be obtained experimentally.
Here, the numerical methods are briefly summarized since

he details were given in the previous work. Fig. 2 schemat-
cally shows the geometry for the simulation. The width and
epth of the rectangular channels are 200 and 170 �m, respec-
ively. The radius of the main semicircular section is 20 mm.
hese sizes are identical to the dimensions of the first proto-

ype examined in experiments [1]. The bifurcation at an arc
nd is not modeled and both the ends are connected to straight
hannels with a length of 5 mm. The density ρf and viscosity
f of water, defined as continuous phase, are 1000 kg/m3 and
.001 Pa s, respectively. The density ρp of the dispersed phase
s specified as 1190 kg/m3. Monodisperse spherical particles
hose diameters dp are 10 and 20 �m are examined in each
umerical simulation.

The governing equations to be solved are as follows:

Conservation of mass:
Fluid phase:

∇ · (αfu) = 0 (4)

Particulate phase:

∇ · (αpv) = 0 (5)

where αf and αp denote the volume fractions of fluid and
particulate phases, and u and v are the velocities of fluid and
particle, respectively.

Conservation of momentum:
Fluid phase:

−∇ · (αfρfuu) − αf∇p + ∇ · τf + αfρfg + K(v − u)

+ FLift,f = 0 (6)

Particulate phase:
−∇ · (αpρpvv) − αp∇p − ∇ps + ∇ · τp + αpρpg

+ K(u − v) + FLift,p = 0 (7)



S ineer

c

F

T
o
w
s
t
p
w
f

F

f
i
c
t
t
i
w
t
i
t
T
p
v
a
a

2

u
1
t
t
l
a
t

w

I
i

i
t
T
o
r

R

T
r

R

T
t
e
f

R

T
t
p
v

2

p

S

w
c
a
a

τ

I
o
s
t

τ

w
p

α

S
f

24 S. Ookawara et al. / Chemical Eng

where τf and τp are the stress–strain tensors of fluid and

particle.

τf = αfμf(∇u + ∇uT) (8)

τp = αpμp(∇v + ∇vT) (9)

Here μf and μp represent shear viscosities of fluid and par-
ticulate phases. The gravity g is specified as 9.8 m/s2 in the
perpendicular direction to the plane of the semicircle.

In this study, the lift force acting on the particle FLift,p is
omputed as follows:

Lift,p = 0.5ρfαp(u − v) × (∇ × u) (10)

he equation is derived assuming inviscid continuous phase, but
riginally with minus sign [13]. The sign of Drew–Lahey model
as reversed as Eq. (10) so that the acting direction became the

ame as that of the Saffman’s lift force [14]. It was confirmed that
he lift force model (Eq. (10)) predicted particle concentration
rofiles at the end of the semicircular section that correspond
ell with the experimental results [3]. The fluid experiences the

orce of the same magnitude, but in the opposite direction as

Lift,f = −FLift,p (11)

At the inlet to the straight section of the microchannel a uni-
orm velocity U is assumed so that fluid phase Reynolds number
s 450. The same velocity U is specified as the inlet boundary
ondition of the particulate phase. The granular temperature for
he solid phase is specified as zero at the inlet. The discussion on
he granular temperature is described elsewhere [15] as well as
n the previous study. The feed volume fraction αp,feed is varied
ithin the range of 0.0006–0.15. Although particle agglomera-

ion is not particularly considered in the Euler-granular model,
t is reasonably assumed that the particles are well dispersed due
o the extremely high shear rate even in the denser conditions.
he no-slip condition is applied on the channel walls. For the
ressure–velocity coupling and discretization schemes for con-
ection terms, the phase-coupled SIMPLE algorithm [16] with
second-order upwind scheme is adopted. For volume fraction,
second-order upwind scheme is employed.

.2. Reduced particle recovery

Fig. 3 illustrates typical particulate-phase profiles of (a) vol-
me fraction and (b) axial velocity over the arc-end plane for
0 �m particles. The left edge of each contour map corresponds
o the outer wall of the arc channel. The Euler-granular calcula-
ion also gives the volume fraction and velocity profiles of the
iquid phase. These profiles immediately enable one to evalu-
te the mass flow rates of particulate and liquid phases passing
hrough any bounded plane as follows:∫ ∫
p =
plane

ρpαpv · ds, wf =
plane

ρfαfu · ds (12)

n this study, the cross-sectional plane at the arc end is divided
nto inner and outer planes typically as shown in Fig. 3. The

e
d

α

ing Journal 135S (2008) S21–S29

nner plane represents the conditions of the mixture that flows
hrough the inner exhaust branch of the device and vice versa.
he particulate mass flow rates passing through these inner and
uter planes, wp,in and wp,out can be used to define a particle
ecovery R as follows:

= wp,out

wp,in + wp,out
(13)

he fluid recovery Rf is also given based on the liquid mass flow
ates passing through the inner and outer planes, wf,in and wf,out.

f = wf,out

wf,in + wf,out
(14)

he reduced particle recovery Rc, which is generally utilized as
he performance index of hydrocyclones, is calculated for each
xamined particle size, viz., 10 and 20 �m and in the volume
raction range of 0.0006–0.15 as follows:

c = R − Rf

1 − Rf
(15)

he Rc can be regarded as a macroscopic separation efficiency of
he device, which is also experimentally obtained. The splitting
lane methodology to evaluate the reduced particle recovery was
alidated based on experimental results [5].

.3. Macroscopic Stokes number

The macroscopic Stokes number Stks based on shear-induced
article collisions is also defined as:

tks = τp

τc
(16)

here τp and τc are the particle relaxation time and the particle
ollision interval, respectively. The τp is calculated from fluid
nd particle properties such as densities, viscosity and diameter
s:

p = (ρp + ρf/2)d2
p

18μf
(17)

n order to evaluate a macroscopic collision interval near the
uter wall, on the other hand, the particle volume fraction and
hear rate in Eq. (2) should be carefully chosen. In this study,
he macroscopic τc is defined as:

c = πDh

64αp,outU
(18)

here αp,out is an average particle volume fraction in a slurry
assing through the outer plane, which can be obtained as:

p,out = wp,out/ρp

wp,out/ρp + wf,out/ρf
(19)

ince it is assumed that αp,out corresponds to the particle volume
raction flowing in the outer exhaust branch, the value can be

valuated in experiments by measuring an absorbance of slurry
ischarged from the outer branch [1].

The numerical estimation is based on the assumption that the
p,out is nearly same as the concentration in the outer wall region
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Fig. 3. Particulate (a) volume fraction (–) and (b) axial

t the downstream of the arc channel. The representative shear
ate S is also defined based on the flow properties in the main
hannel. By using an equivalent diameter Dh and mean velocity

of the main channel, the S is defined as

= 8U

Dh
(20)

lthough this expression gives a shear rate on the wall in lami-
ar flow conditions for a circular pipe, it is conveniently adopted
or the rectangular channel. Since the center of a particle can-
ot reach the wall surface, the particle cannot be exposed to
he wall shear rate, which is highest in the channel. However,
he extremely large centrifugal force shifts the highest velocity
egion outwards as seen in Fig. 3. As a result, the shear rates
ear the outer wall become much higher than values in the cor-

esponding region of a straight channel. Therefore, even at the
dge of concentrated region, it can be assumed that the shear
ate would reach the value given by Eq. (20). It is noted that the
can be calculated based on the experimental conditions.

a

s
(

ity (m/s) profiles at the arc end (Re = 450, dp = 10 �m).

. Results and discussion

The arc-end plane is divided into inner and outer planes at
hree representative positions so that the area ratio of outer
o whole planes becomes (a) 0.4, (b) 0.5 and (c) 0.6, respec-
ively. Figs. 4 and 5 show particle concentration profiles with
he defined split positions indicated by white lines for given
eed concentrations of 10 and 20 �m particles.

Fig. 6 is a color bar for these contour maps, in which the
aximum concentration varies as (i) 0.0020, (ii) 0.058, (iii) 0.19

nd (iv) 0.25 for Fig. 4 while (i) 0.0065, (ii) 0.0099, (iii) 0.059
nd (iv) 0.087 for Fig. 5, respectively. Consequently, each ratio
f maximum to feed concentrations C* is (i) 3.3, (ii) 2.9, (iii)
.9 and (iv) 1.7 in Fig. 4 while (i) 10.8, (ii) 9.9, (iii) 5.9 and
iv) 4.4 in Fig. 5, respectively. The minimum concentration is

lways zero except Fig. 4 (iv), in which the value is 9.9 × 10−5.

As seen in Figs. 4 and 5, the concentration profiles do not
ignificantly change in the dilute conditions, whose limits are
ii) αp,feed = 0.02 for 10 �m particles and (ii) αp,feed = 0.001 for
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ig. 4. Concentration profiles of 10 �m particles over the arc-end plane obtained
f outer (left in the figure) to whole planes becomes (a) 0.4, (b) 0.5 and (c) 0.6, re

0 �m particles, respectively. In addition, the C* is kept nearly
ighest for each particle size. It can be easily expected that the
educed particle recovery Rc remains constant regardless of the
plit position in such dilute conditions. Once the feed concentra-
ion exceeds the each limit, on the other hand, the concentrated
egion starts expanding along with the decline of the C*. For
0 �m particles, all the split positions always exist in the expand-
ng concentrated region. For 20 �m particles, on the other hand,
t is expected that the split position much affects the relation
etween feed concentration and Rc. At the split position (a),
he relation might be similar with the cases of 10 �m particles
ince the position always exists in the concentrated region. At
he positions of (c), to the contrary, the Rc would remain higher
ince the most particles would still report to the outer plane even
n the denser range.

Fig. 7 shows the relation between the macroscopic Stks and
he Rc normalized by Rc,dilute obtained at the most dilute condi-

ion, viz., αp,feed of 0.0006. Each value beneath a group of plots
ndicates αp,feed in [%]. For 10 �m particles, it can be seen that
he split position does not largely affect the relation between
he Stks and the normalized Rc, which clearly declines beyond

s
t
i
c

en feed concentrations. White lines indicate split positions so that the area ratio
ively. (i) αp,feed = 0.0006; (ii) αp,feed = 0.02; (iii) αp,feed = 0.10; (iv) αp,feed = 0.15.

he Stks of 0.1. It should be mentioned here that the Ce also
eclined beyond the Stks,micro of 0.1 in spite those indices were
ased on local properties obtained at a point somewhere over
he arc-end plane. It will be convenient that the same threshold
s obtained from both the microscopic and macroscopic view-
oints. For 20 �m particles, on the other hand, the declining
endency of the normalized Rc depends on the split position. At
osition (a), the normalized Rc declines beyond the Stks of 0.1
imilarly with 10 �m particles as expected. Then, the declin-
ng slope becomes smaller as the position shifts inwards from
b) to (c). This is apparently because the concentrated region
ostly exists at outside of the split positions even in the denser

onditions. Although the increase of feed concentration causes
he expansion of the concentrated region, most particles are still
ecovered from the outer plane.

In the dilute range, the distance between the split position
nd the concentrated region can be regarded as a margin of the

eparation efficiency. If there exists a distance, then almost all
he particles are recovered from the outer branch, viz., the Rc
s practically unity. As the margin becomes smaller, the particle
oncentration in the outer branch preferably becomes larger with
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he highest Rc. That is, the efficiency becomes higher in terms
f the slurry concentration as the split position shifts outward. If
he normalized Rc remains high in the Stks range of above 0.1,
herefore, one can know that the slurry concentration in the outer
ranch can be increased without the decline of Rc by decreasing
he outer flow-rate but keeping total flow-rate constant.

Based on the better understanding of the characteristics of
c, in conclusion, the operation of the micro-separator/classifier
ight be optimized as follows. At first, the device performance

hould be measured in the dilute Stks range of less than 0.01,
here the normalized Rc sufficiently remains unity regardless

f particle size and split position. It should be then examined
hether the normalized Rc clearly declines in the Stks range of

bove 0.1. If the decline is observed, it is suggested that the split
osition exists within the concentrated region. Then, the device

Fig. 6. Color bar for the contour maps.
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given feed concentrations. White lines indicate split positions so that the area
.6, respectively. (i) αp,feed = 0.0006; (ii) αp,feed = 0.001; (iii) αp,feed = 0.01; (iv)

hould be operated at a feed concentration to cause the Stks of
.1. If the decline is not observed, it implies that there exits a
argin between concentrated region and split position. In this

ase, the outer flow-rate should be decreased with keeping the
c practically unity. The adjustment corresponds to shifting the
plit position outwards so that the margin becomes a minimum.
fter the adjustment, then, the device would be operated at Stks
f 0.1. It should be mentioned that the optimized feed concen-
ration here depends on the particle size as seen in Fig. 7. For
he given Re condition, the αp,feed of 0.035 and 0.005 would be
he optimized feed concentrations for 10 and 20 �m particles,
espectively. It can be concluded, therefore, that the Stks is use-
ul for predicting a maximum feed concentration to be handled
ith a highest Rc for the particle size. It is noted that the highest
c depends on particle size due to the concentration profile at

he arc end.

In this study, the optimization procedure is discussed keep-

ng total flow-rate, viz., Reynolds number Re constant in the
ain arc channel. It would be much difficult to optimize the

perational conditions provided that the Re can be altered to
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hange the efficiency. Such ultimate optimization will be a future
ork based on the experimental work under progress. It is noted
ere that the trend seen in the numerical results qualitatively
grees with the experiments that will be soon reported else-
here.

. Conclusions

In the present numerical study, a macroscopic Stokes number
tks is newly proposed for the efficient operation of the micro-
eparator/classifier. It is shown that the Stks is useful to predict
maximum feed concentration to be handled with a highest

educed particle recovery Rc regardless of particle size at a given
eynolds number Re. The Stks of 0.1 is a threshold to give the
aximum feed concentration with the highest Rc, both of which
ould vary according to particle size. The Stks is also useful to

ncrease the device efficiency in terms of particle concentration
n the outer branch at a given Re. The flow rate in the outer branch
s to be decreased so that the normalized Rc clearly declines
eyond the Stks of 0.1. It is important that both the Stks and Rc
an be obtained in practical operations.

The usefulness of the novel Stks will be validated based on
xperiments under progress, which will be soon reported else-
here. It is here noted that the trend seen in numerical results
ualitatively agrees with the experiments. In the particle concen-
ration profiles, the effect of gravity cannot be seen. It implies
hat the direction of the device does not affect the performance.

or the optimized operation of the device, further, the effect of
e on the Rc should be considered, which makes the optimiza-

ion complicated. It will be of further interest to examine these
ssues in future.
t positions and Stks (Re = 450): (a) 10 �m particles; (b) 20 �m particles.
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